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1.c)State and prove the handshaking theorem. [June 2017, 5
marks]

Handshaking problem :

IfGisa(p,q) graph with‘V(G)={V1....Vp} and d.=d.(V), 1<i<p, then

Proof: Consider the set S = {(x. ¢): X € V(G), e E(G). x 1s an endpoint of e}.
Choose a vertex v; € V. This can be done in p ways. Now. since d; = d (v;). there are
precisely d; edges incident with this vertex v;. These edges give d; elements of the set
S. Adding over all the vertices of G, we get

P
S = >d;. ()
i=1
Now choose an edge e in E (G). This can be done in q ways. This edge has precisely
two endpoints, and they give two elements of S. Summing over every edge
e € E (G), we get

H =2q

This 1s because every edge 1s counted twice. once for each vertex it contains.
Equating (1) and (2) we get the required result.



1.d)Defihe the following Symbols : i) 6 (G)[June 2017,1
mark] .

S — < = - ————

~ Minimum vertex degree of a graph is & (G). It is min{d.(x) :x€ V(G)} .

5(G)isa non-negativ'e integer.

6 (G)=1



2.a)What is meant by complement of a graph ? Find the
complement of the C5 graph (i.e. C5 ). [June 2017, 3
marks] ,

:-‘ = - 7_ —

Complement of a graph : Let graph G=(V,E) be a (p,q) graph. Complement of the graph isa
graph V([§) =V(G)and EQg)= xy : xy € E (G), x, y €V (G}

-

R Complement
of C5




2.b) What is a complete graph ? [June 2017, 2 marks]

——— = - ——

Complete graph : Graph in which any two vertices are adjacent, i.e. each vertex is joined to
every other vertex by a vertex. A complete graph on n vertices is represented by K...




5.c)Define isomorphism. Determine whether. the following
pair of graphs are isomorphic : [June 2017, 3 marks]

—— = - —

Let G=(V(G),E(G)) and H=(V(H),E(H)) be two graphs. Let us map a function f: V(G)-> V(H).
Then two graphs are s_a’i'd to be isomorphic, if

i) “Fis one-one and onto, and |

i) xy € E(G) if and only if f(x) f(y) € E(H)

If not they are called non-isomorphic graphs.




~ To check for isomorphism check the following :
1.~ Number of vertices

Number of vertices in*G=5 -
Number of vertices i-n IS
2. Number of edges
Number of edgesin G=5
Number of edges in H=5

- 3. Degree sequence

Degree sequence of G: <2,2,2,2,2>



 Degree of sequence of H: <2,2,2,2,2>
The above shows that d'egree sequence of two graphs is the same.
f(un=va, fua)=va, f(uU3)=v3, f(us)=vs, f(Us)=vs

From the above checks, we can conclude that the two graphs are isomorphic.



3.c)What do you mean by iSomerphic graphs. ?[June 2016, 2
marks] .

S — < - - ————

— Let G=(V(G),E(GQ)) and H=(V(H),EkH)) be two graphs. Let us map a function f: V(G)-> V(H).
,THen two graphs are 'sla'i'd to be iso'morphic, if

‘i) "'F' is one-one and ontb, and |

i) xy € E(G)if and only if f(x) f(y) € E(H)

If not they are called non-isomorphic graphs.



e

2.

- To check if two graphs check for these conditions :

Count the number of vertices — must be equal

Count the number of edges — must be equal

Degree sequence — must be same
Number of cycles — must be same
Max degree vertex and min degree vertex

Peculiarity of adjacent vertices



To check for isomorphism check the following :
1. Number of vertices

.Number_of vertices in G=5

Number of vertices in H=g

Consider the two graphs:




' 2 Number of edges
Number of edges in G(=‘5

Number of edges in H=g

3. Degree sequence

Degree sequence of G: <2,2,2,2,2>

Degree of sequence of H: <2,2,2,2,2>
- The above shows that degree sequence of two graphs is the same.

From the above checks, we can conclude that the two graphs are isomorphic.



4.a) State Handshaking Theorem.[June 2016,3 marks]

— = — ———

If G is a (p,q) graph with V(G)={V,...V } and d.=d.(V), 1<i<p, then

B Proof: Consider the set S = {(x. ¢): X € V(G). e E(G). x 1s an endpoint of e}.
Choose a vertex v; € V. This can be done in p ways. Now. since d; = d (v;). there are
precisely d; edges incident with this vertex v;. These edges give d; elements of the set
S. Adding over all the vertices of G, we get

P
§ =, 1)
i=1
Now choose an edge e in E (G). This can be done in q ways. This edge has precisely
two endpoints, and they give two elements of S. Summing over every edge
e € E (G), we get

H =2q

This 1s because every edge 1s counted twice. once for each vertex it contains.
Equating (1) and (2) we get the required result.




4.b) A non-directed graph G has 8 edges. Find the number
of vertices, if the degree of each vertex in G is 2. [June
2016, 3 marks]

- According to the formula,

Sum of degree of all vertices < = 2 * no. of edges . [According to Handshaking theorem]
Let n be number of vertices in graph
s> o¥n=D*8

==> 2n=16

=T n:8



1.b)Prove that the complement of Bis G.[December 2016,5
marks]

s - = — ——— i

~ Let graph G=(V,E) be a (p,q) graph. Complement»ofthe graph isagraph V'( ) =V(G)and E([§)=
{xy : Xy € E(G), x, y €V (G)}.

From the above definitibn,'we can say that complement of a graph [g has,
V( )=V(G) and E([d )= {xy : xy € E (G), x, y EV (G)}.

Complement of [@is G

(V(@))'=V(G) and (EE) )'={xy : xy & E (@), x, y €V (G)}=E(G)

Hence proved.

- Example :



g '

V(G)={A,B,C,D,E} | E(G)={AE,AB,BC,CD,DE}
V(@)=V(G)={A,B,C,D,E} , E(®)={AD,AC,BE,BD,EC}

Similarly :Compiement of @ is G.
Hence proved.



1.c)Draw at least 3 non-isomorphic graphs. on 4
vertices.[December 2016,5 marks]

—e O 0
o 0 0 O

I
—
L]



1.c)Determine whether the following graphs are isomorphic.

If yes, justify your answer. -[December 2016,December
2010,4 marks ]

Number of vertices in G= 4
Number of vertices in H=¢4

Number of edges in G=6
"~ Number of edges in H=6

Degree sequence of G : {4,4,2,2}
Degree sequence of H : {3,3,3,3}

Degree sequences of graph G and H are different, therefore the two graphs are non-isomorphic.



1.d)What. is an undirected graph ? Prove that an undirected
graph has even number vertices of odd degree.[December
2016, 4 marks]

X s = — ————— s — S

Undirected graph G is a finite non-empty set V together with set E containing pairs of points of
V. Vis called the vertex set and E is the edge set of G. In undirected graph, E(G) will be
symmetric on V(G). If (u,v) is there, then (v,u) will be there.

Any graph can only have an even number of odd vertices.

Consider a (p,q) graph with {x1,x2,.....xt} is a set of odd vertices and {xt+1,.....xp} is a set of
even vertices. |

Letdc(x)=2c+1 1<ist and d(x)=2r; t+i<i<p

Then Theorem 1 says that 2q :Z dg (x;)
1

t p

(2c; +D)+ > (21,) = 2(c; +¢y +A +c ) +t+2(r,, +A +1,).
1 t+1

which shows that t 1s even.




2.a)Define n-regular graph. Show for which value of n the
following graphs are regular-: (i) K, (ii) Q, [December
2016, 5 marks]

—— = - ——— . D e T e sy

~Itis a graph in which each vertex has the same degree. It is said to be reqular graph degree of
regularity r. G is an r-reqular graph where osr<(p-1).

K.
K, is a reqgular graph with n=3.

The degree of each vertex s 2. So, K3 is regular graph.

K, forn>3 itis (n—1)-regular.



2.c)How many edges does a~complete graph'of 5 vertices
have ? [December 2016,2 marks]

= — - e = - ——

g Number of edgesin a conﬁplete éraph of n vertices = n(n-1)/2
In -the above question, - |
'nur'nber of vertices ,n =g -
Number of edges = (n(n-1))/2
A = (5(5-2))/2
=(5%4)/2

=10



3.b)Define a graph and a subgraph. Show that for a subgréph H of
a graph G A (H) £ A (G). [December 2016S, 5 marks]

— = — ———

A graphis a set of the form {(x,f(x)): x is a domain of function f}.

Example:
—

Let G = (V (G), E (G)) be a graph. A subgraph H of the graph G is a graph, such that every vertex
of H is a vertex of G, and every edge of H is an edge of G also, thatis,V(H) €V (G)and E(H) € E
(G).




3.a)Show that for a subgraph H of a graph GHA~(H) < A (G).
[December 2014, December 2011,June 2010,December 2010, 5Smarks]

= — = e = - e ———— —

 Let x €V(H) such that d,,(x) = H(A)
Then, N(x) € Ng(x) . Thus,

A (H)=] Ny (9] = | Ng (¥)|<A (G)



2.d)Define Graph and Subgraph. Give an example of a subgraph H
of a graph G with 6 (G) < 6 (H)-and A (H) <A (G).[June 2015,4
marks]

S — = - ——

A graphis a set of the form {(x,f(x)): x is a domain of function f}.

-

Let G = (V (G), E (G)) be a graph. A subgraph H of the graph G is a graph, such that every vertex
of H is a vertex of G, and every edge of H is an edge of G also, thatis,V(H) €V (G)and E(H) € E
(G).

Example:




 8(G)=1<2= 8(H)
AH)=2<3=A (G)

> D,ia.gr_am':




1.a)Define regular graph. Find the number. of edges of a 4-
regular graph with 6 vertices.[December 2015,3 marks]

:-‘ = - 7_ —

It is a graph in which each vertex has the same degree. It is said to be regular graph degree of
regularity r. G is an r-regular graph where o<r<(p-1).

K. is aregular graph wit‘h d'egree of regularity (n-1) when n > 3.

4-regular graph with 6 vertices:

- Number of edges =12



3.c)Define isomorphic graph. -Give an example of the
same.[December 2015, 2 marks]

—— = - —

Let G=(V(G),E(G)) and H=(V(H),E(H)) be two graphs. Let us map a function f: V(G)-> V(H).
Then two graphs are s_a’i'd to be isomorphic, if

i) “Fis one-one and onto, and |

i) xy € E(G) if and only if f(x) f(y) € E(H)

If not they are called non-isomorphic graphs.




e— < - - ——— | R J L S

~ Both are (5, 5)-graphs. Degree sequence of both'the graphs is <2,2,2,2,2>. Both these graphs
have a copy of Cs. Therefore, both these graphs are isomorphic.



4.b)For fhe following graph G, draw subgraphs 3 (i) G - e
(ii) G - a . [December 2015,3 marks] .

— - = - —— - —

 Graph G:

) G-e | | i)




Define :4(i) Simple graph‘(ii) Finite and infinite graph
(iii) Isolated vertex (iv) Subgraph[June 2014, 4 marks]

——— - = - — - ————

i) Simple graph:

Undirected graph that has no loops or multiple edges is calleda simple graph. When an edge '
joins a vertex to itself is called a loop. Two or more edges that joins the same vertices are
parallel or multiple edges.

i) Finite and infinite graph : A graph with a finite number of vertices and edges is called a finite
graph. A graph with a finite number of nodes and edges.



iii)lsolated vertex : Vertex with degree zero is called an isolated vertex.

iv) Subgraph : Let G = (V (G), E (G)) be a graph. A subgraph H of the graph G is a graph, such
~ that every vertex of H is a vertex of G, and every edge of H is an edge of G also, thatis, V (H) €V
(G) and E (H) C E (G).




1.f)How many edges are there -in a graph with 10 vertices
each of degree 6 ? [June 2014,3 marks]

N < — - ——

- According to Handshaking theorem,

g: number of edges

p: number of vertices

d.: degree of vertex|

- Inthe above question : p=10, d(i)=6

20=10*6=60

52 4=30



3.b)Define Isomorphism of twoe graphs. Find whether the
given graphs are isomorphic or not.[June 2014,5 marks]

—— = - = = - —————  — — — -

Let G=(V(G),E(G)) and H=(V(H),E(H)) be two graphs. Let us map a function f: V(G)-> V(H).
Then two graphs are s'a.i‘d to be iso‘morphic, if

i) “Fis one-one and onto, and |

i) xy € E(G) if and only if f(x) f(y) € E(H)

If not they are called non-isomorphic graphs.




' Number of vertices in first graph( = 8

,Nmeer of vertices in'ls-econd grap'h =8

Nuhﬂber'of edges in first graph = 10 |

Number of edges in second graph =70

Degree sequence of both the graphs is: <3,3,3,3,2,2, pas

These conditions satisfies but still the graphs are non- |somorph|c This is because the two
: graphs are not structurally identical. A , B

b
2 f H I\E F




In grath Ais a vertex ofdegreez which must corresponds to either B, D, For G in H.

Each of these four vertlces inHis adJacent to another vertex of degree two in H, WhICh is not
true for ainG. :

Therefore, these are not isomorphic.



5.b)State and prove Handshaking Theorem.[June 2014, 5

marks]

Handshaking problem :

IfGisa(p,q) graph with‘V(G)={V1....Vp} and d.=d.(V), 1<i<p, then

Proof: Consider the set S = {(x. ¢): X € V(G), e E(G). x 1s an endpoint of e}.
Choose a vertex v; € V. This can be done in p ways. Now. since d; = d (v;). there are
precisely d; edges incident with this vertex v;. These edges give d; elements of the set
S. Adding over all the vertices of G, we get

P
S = >d;. ()
i=1
Now choose an edge e in E (G). This can be done in q ways. This edge has precisely
two endpoints, and they give two elements of S. Summing over every edge
e € E (G), we get

H =2q

This 1s because every edge 1s counted twice. once for each vertex it contains.
Equating (1) and (2) we get the required result.



1.d)State and prove Handshaking Theorem.[December

2014 ,December 2010, 4 marks]

Handshaking problem :

IfGisa(p,q) graph with‘V(G)={V1....Vp} and d.=d.(V), 1<i<p, then

Proof: Consider the set S = {(x. ¢): X € V(G), e E(G). x 1s an endpoint of e}.
Choose a vertex v; € V. This can be done in p ways. Now. since d; = d (v;). there are
precisely d; edges incident with this vertex v;. These edges give d; elements of the set
S. Adding over all the vertices of G, we get

P
S = >d;. ()
i=1
Now choose an edge e in E (G). This can be done in q ways. This edge has precisely
two endpoints, and they give two elements of S. Summing over every edge
e € E (G), we get

‘S‘:E‘q

This 1s because every edge 1s counted twice. once for each vertex it contains.
Equating (1) and (2) we get the required result.




3.a)Show that for a subgraph H of a graph GHA~(H) < A (G).
[December 2014, December 2011,June 2010,December 2010, 5Smarks]

= — = e = - e ———— —

 Let x €V(H) such that d,,(x) = H(A)
Then, N(x) € Ng(x) . Thus,

A (H)=] Ny (9] = | Ng (¥)|<A (G)



1.a)Define : 4 (i) Graph (ii) Simple Graph (iii) null
graph (iv) connected Graph [December 2013,4 marks]

et = - — - ————

i) Graph :ltis a set of the form {(x,f(x)): x is a domain of function f}.

-

ii) Simple graph :

Undirected graph that has no loops or multiple edges is called a simple graph. When an edge
joins a vertex to itself is called a loop. Two or more edges that joins the same vertices are
parallel or multiple edges.




iii) Null graph : A graph with isolated vertices and no edges is called a null graph. It is also known
as-an empty graph.

iv) Connected graph : A graph is connected when there is a path between every pair of vertices.
In a connected graph, there are no unreachable vertlces




15 d)Deflne 6 (G) and A (G) for a graph G.[December 2013,2
marks]

- - = - — - ————e

- 8(G) is called the minimum vertex degree of G. It is min{d.(x) :x€ V(G)} . It is a non-negative

integer.

(G)=1

A (G) is called the maximum vertex degree ofG It is max{d (x) :XE V(G)}. It is a non-negative
integer. -

(C)EE



4.b)Are the following graphs -isomorphic 2. If Yes or No
justify.[December 2013,June 2010,4 marks]

- Number of verticesinG =6
Number of verticesinH=6

- Number of edgesinG =11



= - - e - = - — - —_—

~ Number of edgesin H =10

The two graphs have'ldi'ffer-ent number of edges. Therefore, the two graphs are not isomorphit.



1.d)Find the degree of each vertex in the given
graph.[June 2012,4 marks]

Degree of each vertex in the above graph is:

d(v1)=2 d(v6)=

d(v2)=4 d(v7)=2
 d(v3)=4

d(vg)=2

~ d(v5)=3



1.e)What is the cOmplemenf-of the given"graph.[June‘2@12,4}
marks]

Complement of the above graph:




2.a)Determine whether the graphs are isomorphic. [June
2012,5 marks]

V(G)=5 V(H)=5

E(G)=8 E(H)=7

Number of edges is not the same in G and H.
Therefore, the graphs are not isomorphic.



= b)Construct gats regular graph on 10 véftices.[Decémber
2012, June 2010, 3 marks] St

— - - = : - - ———




1.b)A graph G is said to be self complementary if it is
isomorphic to its complement G . Show that for a self
complementary (p, q)-graph G, either p or (p - 1) is
divisible by 4.[June 2011,4 marks]

— - e - = - —— - —

& Suppose G is a (p, q)-graph.
Then E (G) U E(E) ='l{tvhe set of all pairs of vertices inV (G)3.
Thus, q+[§] =(p(p-2))/2

If the graph G is self complementéry, thenqg= . Thus, p (p—1) = 2q + 2q = 4q, that is 4 divides
p (p —1). Since only one of p or (p —1) is even, this means either p or (p — 1) is divisible by 4.



1.c)Define minimum vertex‘degree of G (6 (G))and maximum
vertex degree of G (A (G)).[June 2011,3 marks]

S — < = - ————

- 8(G) is called the minimum vertex degree of G. It is min{d.(x) :x€ V(G)} . It is a non-negative

integer. |

A (G) is called the maximum vertex degree of G. It ié max{d:(x) :x€ V(G)}. It is a non-negative
integer. : '

5(G)=1

AG)=3



5.a)Can a simple graph exist -with 15 vertices, with each
of degree five ? Justify your answer.[June 2011,3 marks]

e— < - - ——— | R J L S

A corollary in graph theory states that “Any graph can only have an even number of odd
vertices”. This is because of the handshaking problem.

According to the question,
Number of vertices, p=15
~ Degree of each vertices, D(V)=5

This graph has 15 odd vertices which is odd, so the above graph cannot exist.



5.b)Are the following graphs-are isomorphic ? 4 If Yes or
No Justify.[June 2011,4 marks]

Number of vertices in G=5
- Number of vertices in H=5
Number of edges in G=5

Number of edges in H=5



 Degree sequence of G: <2,2,2,2,2>
Degree Sequence of H £'<2,~2,2,2,z>
f(a)=2 f(b)=4 f(c)=1 f(d)=3 f(e)=5

This shows that the two graphs ake isomorphic.



4.a)Define the concept of a complete graph. Draw complete
graph each for thé case when-number of vertices is given
by : n=3, n=4.[June 2010,3 marks]

N < — - —— § — =

~ Complete graph : Graph in which any two vertices are adjacent, i.e. each vertex is joined to
every other vertex by a vertex. A complete graph on n vertices is represented by K...




1.c)Define r-regular graph. Give an example of 3-regular
graph.[December 2010,3 marks]

——— = - ——

It is a graph in which each vertex has the same degree. It is said to be regular graph degree of
regularity r. G is an r-reqular graph where osr<(p-1).

'Kn is a regular graph with degree of reqularity (n-1) when n > 3.




1.b)Show. that the sum of the degrees of all vertices of a
graph is twice thé number of -edges in the. graph.[June
2009, 3 marks ]

Sum of the degrees of al vertices of a graph is twice the number of edges in the graph. This is
called handshaking problem.

Proof: Consider the set S = {(x. ¢): X € V(G), e E(G). x 1s an endpoint of e}.
Choose a vertex v; € V. This can be done in p ways. Now. since d; = d (v;). there are
precisely d; edges incident with this vertex v;. These edges give d; elements of the set
S. Adding over all the vertices of G, we get

P
S = >d;. ()
i=1
Now choose an edge e in E (G). This can be done in q ways. This edge has precisely
two endpoints, and they give two elements of S. Summing over every edge
e € E (G), we get

‘S‘:E‘q

This 1s because every edge 1s counted twice. once for each vertex it contains.
Equating (1) and (2) we get the required result.



1.c)Define isomorphism of graphs. Determine whether the
graphs are isomorphic.

et = - — - ————

| Let G=(V(G),E(GQ)) and H=(V(H),E(H)) be two graphs. Let us map a function f: V(G)-> V(H).
Then two graphs are s{a‘i'd to be iso'morphic, if
i) “Fis one-one and onto, and |

i) xy € E(G) if and only if f(x) f(y) € E(H)

If not they are called non-isomorphic graphs.

Number of vertices in G=6

~ Number of vertices in H=6

Number of edges in G=5

- Number of edges in H=5



- Degree sequence of G : <3,2,2,1,1,1>
Degree sequence of H:<3,2,2,1,1,1>

Thé‘two'graphs are not isomorphic. This is because in graph G, vertex p with degree 3 is
adjacent to two vetices of degree 1 (u,v) and a vertex with degree 2 (q). This is not the case in
graph H(vertex with degree 3 is adjacent to two vertices with degree 2 and a vertex with degree
1). |



1.f) What is the COmplemeht of the given graph?[June
2009, 3 marks ] .




3.b)How many vertices will the following graphs have if
they contain :[June 2009,4 marks]

S — < - - ———

& il) 16 edges and all vertices of deg.ree 2.
,SanofaHdegreesofyérUce9=2*funnberofedges
‘Lefrunnberofverﬂéesbérm |

2 *n=2%16

n=16 -
H)21edges,3verUcesofdegreezfandthecﬂherveéﬂcesofdegree3

 Let n be the number of vertices.

(3*4) +(n*3)=2%21

 12+3N=42



e e -
Ll i tugang Skl
‘J‘z-h‘ :

et




1.b)The number of vertices of odd degree in a graph is
always even.[December 2009,3 marks]

EE———— = ——

Any graph can only have an even number of odd vertices.

Consider a (p,q) graph with {x1,x2,.....xt} is a set of odd vertices and {xt+z,.....xp} is a set of
even vertices. ' —

Let dc(x)=2¢c+1 1<ist and d(x)=2r; t+i<i<p

Then Theorem 1 says that 2q :Z dg (x;)
1

t p
| — 2q=> (2c; +D+ D> (2r)= 2(c; +cy +A +c ) +t+2(r,, +A +1,).
1 t+1

which shows that t 1s even.




1.c)What is the cOmplement'of the given ‘graph?[December
2009,2 marks ]




4.b)What. is the largest number of vertices in a graph with
35 edges if all vertices are-of degree at least 3
?[December 2009,5 marks]

- — = S —— = = —_— - —

~ Maximum degree of a graph >= Sum of degree of individual vertices
2E >=deg(V1) + deg(V2) + ... + deg(Vn)
2*36>=3+3+...+3 ~ (l),
70 >= 3N e
23.33>=no0r23>=n



1.a)Consider the graph below :[June 2008,2 mark]

i) Findd(G)and, A (G)

~ Degreeofvi=3 Degreeofv2=3 Degreeof v3=3 Degreeofvs=4 Degree of vg =3
Degree of v6 = 4 Degree of vy =4 Degreeofv8=4

~ From the above diagram, & (G) =3 INOEY



= — = —=

= i) Draw the subgraph induced by the set {v1,v6, v4, v7,v2}




3.c)Draw a 4-regular graph on 6 vertices.[June 2008, 2
marks]




1.a)Show that the graphs G ‘and G’ are iSomorphic.[DécembeP_
2008,4 marks ]

-~ Number of vertices in G=7 Number of vertices in G'= 7
Number of edges= 13 Number of edges= 14

~ Therefore both the graphs are not isomorphic.



